We study the Lyapunov exponent for electron and phonon excitations, in pure and random Fibonacci quasicrystal chains, using an exact real space renormalization group method, which allows the calculation of the Lyapunov exponent as a function of the energy. It is shown that the Lyapunov exponent on a pure Fibonacci chain has a self-similar structure, characterized by a scaling index that is independent of the energy for the electron excitations, "diagonal" or "off-diagonal" quasiperiodic, but is a function of the energy for the phonon excitations. This scaling behavior implies the vanishing of the Lyapunov exponent for the states on the spectrum, and hence the absence of localization on the Fibonacci chain, for the various excitations considered. It is also shown that disordered Fibonacci chains, with random tiling that introduces phason flips at certain sites on the chain, exhibit the same Lyapunov exponent as the pure Fibonacci chain, and hence this type of disorder is irrelevant, either in the 1 case of electron or phonon excitations.
Introduction
The experimental discovery of quasicrystals, 1 and also the building of artificial multilayer structures by molecular beam epitaxy, 2 have considerably stimulated the theoretical study of quasiperiodic systems. Tight-binding electron and phonon excitations have been studied on a Fibonacci chain, using mainly transfer-matrix 6−12 and real space renormalization group techniques. 13−15 It has been found that the energy spectrum for these excitations is a Cantor set with zero Lebesgue measure, this result having in addition been proven 16 for the case of electronic excitations on a site Fibonacci chain.
The spectra of the periodic approximants to the Fibonacci chain exhibit selfsimilarity in the band structure, with a scaling index that for the electronic excitations is independent of the energy, while for the phonon excitations it is a function of the energy. 9 The integrated density of states for the various excitations presents rich scaling behavior, with indices varying from the edge to the center of the bands. [10] [11] [12] 14 The characterization of the eigenstates on a
Fibonacci chain is a more difficult task, and it has usually been restricted to a few special energies on the spectrum, for which the states are found to be self-similar or chaotic. More generally, it has been found evidence for the states being neither extended nor localized in the usual sense.
10−12
The localization properties of the states can be studied through the calculation of the Lyapunov exponent γ, which characterizes the evolution of a wavefunction along the chain. Real systems have in general some disorder. Random quasicrystals, in the sense of a random tiling, have been considered 22 to explain the properties of quasicrystalline alloys. It is well known that disorder has pronounced effects on the transport properties of periodic systems, specially in one-dimension where all the states turn to localized whatever the amount of disorder. A striking property of quasicrystals is that they exhibit extremely high resistivities, which decrease with the amount of defects. 23 The effects of some types of disorder on the electronic spectra and wavefunctions of Fibonacci chains have been considered.
24−26
In this work we study the Lyapunov exponent for electron and phonon excitations in pure and random Fibonacci quasicrystal chains. We consider electrons in a tight-binding model, with "diagonal"-site and "off-diagonal"-bond
Fibonacci ordering, and phonons on a lattice with bond Fibonacci ordering.
The disorder introduced is random tiling imposed on the substitution or concatenation rules for construction of the Fibonacci chains. We use a real space renormalization group method, which allows the calculation of a wavefunction along the chain, for any given energy, and therefore enables the determination of its Lyapunov exponent. This method provides a simple and very efficient way of numerically calculating the Lyapunov exponent as a function of the energy, for large Fibonacci chains. The method has great similarities, but also important differences, as will be discussed, with that used by Capaz et al. 21 The 4 method is based on decimation, which is here applied either to substitution 14 or concatenation, 25 and implemented in the presence of disorder.
In order to calculate an eigenstate, one needs to specify an energy on the spectrum. Since the spectrum of a Fibonacci chain is a Cantor set with zero Lebesgue measure, the probability of numerically specifying an energy on the spectrum is essentially zero. Hence any chosen energy will almost certainly correspond to a gap, and the calculated Lyapunov exponents are then associated to gap states. It is shown that the Lyapunov exponent for the gap states of the various excitations has a fractal struture, and we study its scaling properties.
From these properties we obtain information on the Lyapunov exponent for the states on the spectrum of the Fibonacci chain, and therefore on the localization properties of the excitations. We study the Lyapunov exponent for both, tightbinding electrons and phonons, remarking that the Goldstone symmetry present in the later and absent in the former, may lead to important differences in the scaling properties of the two systems.
The outline of the paper is as follows. In Sec. II we describe the tight-binding electron and phonon systems that are studied, and present the renormalization method used to calculate the Lyapunov exponent. In Sec. III we present the Lyapunov exponent for the various excitations on a pure Fibonacci chain, study its scaling properties and discuss localization, and finally consider the effects of disorder on the Lyapunov exponent. In Sec. IV we present our conclusions.
5

Renormalization approach
The dynamics of tight-binding electron and phonon excitations on a Fibonacci quasicrystal chain, can be described by the generic equation
For the electrons, Ψ n denotes the amplitude of the wavefunction at site n, corresponing to energy E, ε n is a site energy, and V n is the hopping amplitude between site n and n + 1. For phonons, Ψ n represents the displacement from the equilibrium position of the atom at site n, E = mω 2 , ω being the phonon frequency and m the atom mass, ε n = V n−1 + V n , and V n is the spring constant connecting sites n and n + 1. This latter model describes equally well spin waves on an Heisenberg ferromagnet at zero temperature, replacing the spring constants by exchange constants, and mω 2 by the spin wave frequency ω. We note the Goldstone symmetry present in the phonon system, which imposes a correlation between the site ε n and the coupling V n parameters, that is not present in the electron system.
The various Fibonacci quasicrystal models are defined as follows. For electrons, the "diagonal" model is obtained from (1) The disordered Fibonacci chains are built by introducing random tiling in the substitution rule for construction,
A → BA, probability 1 − p, in each iteration i, starting with B, the two possibilities corresponding respectively to direct and inverse substitution, or they are built by introducing random tiling in the concatenation rule for construction,
starting with S 0 = B and S 1 = A, the two possibilities corresponding respectively to direct and inverse concatenation. Random tiling on substitution or concatenation generates, at each iteration, an identical set of disordered Fibonacci chains, though throug a different sequence of preceeding chains (e.g.
The method that we use to calculate the Lyapunov exponent is based on the fact that the wavefunction Ψ n at the Fibonacci sites n = n(i) = F i+1 ,
given by F i+1 = F i + F i−1 with F 1 = F 0 = 1, can be easily obtained via a real-space renormalization group transformation, which consists in eliminating appropriated sites on the chain, so that a chain similar to the original one is obtained, with a rescaled length and renormalized parameters. Under successive decimations one carries the system through larger length scales separating the sites. For the Fibonacci chain it is possible to deduce an exact renormalization transformation for the parameters ε n and V n , the rescaling factor, under which the system is self-similar, being equal to τ . After i iterations, the renormalization transformation takes, for example,
A , which represents the renormalized interaction between two sites that are a distance τ i apart, measured in units of the original lattice spacing. The Fibonacci sites n(i) become the first neighbours of the end site n = 0, at each iteration i. Now, writing (1) as a recursion relation for the wavefunction, and fixing the "free-end" boundary
The wavefunction Ψ n at the consecutive Fibonacci sites n(i), can therefore be obtained in terms of the parameters under successive renormalization iterations i, through
fixing Ψ 0 (e.g. Ψ 0 = 1). The Lyapunov exponent γ is then calculated from the wavefunction (4), given that
and x n = τ i for n = n(i). In the work of Capaz et al. 21 the localization of the wavefunction Ψ is studied following the behavior of the coupling V under successive renormalizations, and not through the evolution of the wavefunction (4), 8 which also involves the parameter ε. Although the behaviour of Ψ is mainly determined by V , the complete expression should be used. Furthermore, in that work a small imaginary part η is added to the energy E, which produces an artificial decay of the coupling V , that alters the actual evolution of the wavefunction, and consequently interferes in the study of localization and evaluation of the Lyapunov exponent.
Now we present the decimation techniques used to obtain the renormalization transformation of the parameters ε 0 and V 0 , for chains constructed by substitution or concatenation.
A. Substitution chains
The renormalization transformation of the parameters is obtained by eliminating sites in such a way as to reverse the substitution procedure in (2). 14 In order to build the transformation one needs to consider an expanded parameter space, for the various excitations, where the bonds V n assume two different values, V A and V B , arranged in a Fibonacci sequence, and the site energies ε n may assume three different values, depending on the local environment of n, ε α if
A choice of the initial parameters V A , V B , ε α , ε β , ε γ , casts the problem into the model for electron excitations, "diagonal"
. The reversal of rule (2) is achieved through the elimination of β − sites , corresponding to direct substitution, or γ-sites, 9 corresponding to inverse substitution. The resulting renormalization equations are:
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Considering the general case of a random Fibonacci chain, for a given probability of disorder p, we start with a specific disordered configuration, generated by (2) or (3), respectively for substitution or concatenation chains, and then iterate (6) −(9), (10) − (11) or (12) − (13), depending on the system studied, according to that configuration, in order to obtain the successive values for V
and ε
0 . This allows us to calculate the wavefunction Ψ n , provided by (4), at the successive Fibonacci sites, for a given energy E. For each probability p, we average the obtained wavefunction for E over many different disorder configurations. It is important to remark that when dealing with random chains, one should first calculate the wavefunction for a specific disordered configuration and then average over configurations, instead of averaging the parameters over disorder at each step of the renormalization and then calculate the wavefunction with the averaged parameters. This latter procedure 25 will wash out important correlations in the system, and leads to different results depending on how the average is performed. The first procedure describes the physics more accurately.
Lyapunov Exponent for Fibonacci Chains
We now present the results concerning the Lyapunov exponent, calculated as a function of the energy, for the tight-binding electron, "diagonal" and "offdiagonal", and phonon excitations on the pure and random Fibonacci chains.
We consider first the case of pure chains, for which we study the scaling properties of the Lyapunov exponent and their implications for the localization of states on the spectrum, and analyse afterwards the effects of disorder, of the kind of random tiling, on the Lyapunov exponent.
As mentioned above, the wavefunctions that we numerically calculate correspond to gap states. Figure 1 shows the typical behavior of a wavefunction Ψ n , at any chosen energy E, either for the electron or the phonon excitations on a pure Fibonacci chain. One observes that the wavefunction first oscillates over a certain length, and then grows exponentially. This behavior has mixed characteristics of an extended (oscillating) state and a localized (exponential) state. The length over which a wavefunction oscillates is a "memory" length, 10 
13
in the sense that beyond this length it loses memory of its initial phase. The exponential growth of the wavefunction is characterized by the Lyapunov exponent, which measures the inverse of a "localization length". We find that the "memory" length ξ and the Lyapunov exponent γ are simply related, ξ ≈ 1/γ.
In figure 2 we present the Lyapunov exponent for the electron, "diagonal" and The scaling behavior of the Lyapunov exponent is studied through the variation of the maximum exponent in a gap, γ max , versus the gap width, ∆E g .
21
We find that
where the scaling index δ, is independent of the energy for the electron excitations, "diagonal" and "off-diagonal", as shown in figure 4 , but depends on the energy for the phonon excitations, as figure 5 reveals, and it is shown in figure 6 . We also find that the scaling index for the electron excitations depends on the quasicrystal site (ε A From the scaling expression (14), one obtains, for the various excitations, that γ max → 0 when ∆E g → 0, implying that the Lyapunov exponent for wavefunctions on the spectrum, vanishes. We therefore have that the electron, "diagonal" or "nondiagonal", and phonon excitations on a Fibonacci chain are nonlocalized.
Let us now study the effects of disorder on the Lyapunov exponent. Disorder has drastic effects on the wavefunctions of one-dimensional periodic systems, localizing all the states. Figure 7 illustrates this fact, showing the Lyapunov exponent for phonon excitations on a random periodic chain, with couplings V A and V B , as a function of the probability p of disorder, for various energies.
One sees that the Lyapunov exponent increases with disorder, being also an increasing function of the energy. disorder has on the excitations on periodic chains. However, it should be noted that random tiling introduces a kind of bounded disorder, which has also correlations, and therefore might not be sufficient to produce localization of states.
Furthermore, in contrast to the general case, it has been reported that there exist particular random potentials in one dimension that allow for extended states, those being described by an iterative procedure of construction. 
Conclusions
We have studied the Lyapunov exponent for tight-binding electron, "diagonal"
and "off-diagonal", and phonon excitations in pure and random Fibonacci quasicrystal chains, using a real space renormalization group method. This method allows the calculation of a wavefunction along the chain, and the determination of the associated Lyapunov exponent, as a function of the energy, in a very efficient way for very long chains. We have found that the Lyapunov exponent for the pure Fibonacci chain has a self-similar structure, being characterized by a scaling index that is independent of the energy for the electronic excitations, 
